SUB SEQUENTIAL MINIMALITY IN GOWERS AND MAUREY 

SPACES 



VALENTIN FERENCZI AND THOMAS SCHLUMPRECHT 



Abstract. We define block sequences (x n ) in every block subspace of a variant 
of the space of Gowers and Maurey so that the map X2n-i i-> X2n extends to an 
isomorphism. This implies the existence of a subsequentially minimal HI space, 
which solves a question in [FRlj . 
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I. Introduction 

We start this article by motivating our result with a presentation of W.T. Gowers's 
program of classification of Banach spaces, and its recent developments along the 
lines of [FEU IFR2] and [FG] . 

1.1. Gowers' classification program. 

W.T. Gowers' fundamental results in geometry of Banach spaces |G3| IG4] opened 
the way to a loose classification of Banach spaces up to subspaces, known as Gowers' 
program. The aim of this program is to produce a list of classes of infinite dimensional 
Banach spaces such that: 

(a) the classes are hereditary, i.e., stable under taking subspaces (or block sub- 
spaces), 

(b) the classes are inevitable, i.e., every infinite dimensional Banach space contains 
a subspace in one of the classes, 

(c) the classes are mutually disjoint, 

(d) belonging to one class gives some information about the operators that may be 
defined on the space or on its subspaces. 

We shall refer to such a list as a list of inevitable classes of Gowers. The reader 
interested in more details about Gowers' program may consult |G4j and |FRlj . Let 
us just say that the class of spaces c and £ p is seen as the most regular class, and 
so, the objective this program really is the classification of those spaces which do not 
contain a copy of Co or £ p . We shall first give a summary of the classification obtained 
in |FR1] and of the results of Gowers that led to it. 

The first classification result of Gowers was motivated by his construction with B. 
Maurey of a hereditarily indecomposable (or HI) space GM, i.e., a space such that no 
subspace may be written as the direct sum of infinite dimensional subspaces |GM] , 
The space GM was the first known example of a space without an unconditional 
sequence. Gowers then proved his first dichotomy. 

Theorem 1.1 (First dichotomy |G3j ). Every Banach space contains either an HI 
subspace or a subspace with an unconditional basis. 

These were the first two examples of inevitable classes. 

After GM was defined, Gowers was able to apply a criterion of P.G. Casazza to 
prove that an unconditional Gowers-Maurey's space G u is isomorphic to no proper 
subspace, solving Banach's hyperplane problem |Glj . Later on Gowers and Maurey 
proved that GM also solves Banach's hyperplane problem, but as a consequence of 
general properties of HI spaces, based on Fredholm theory, rather than by applying 
the criterion. Let us note in passing that our main result will suggest that Casazza's 
criterion is indeed not satisfied in Gowers-Maurey's space. 

Gowers then refined the list by proving a second dichotomy as a consequence of his 
general Ramsey theorem for block sequences |G4j . A space is said to be quasi-minimal 
if any two subspaces have further subspaces which are isomorphic. 
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Theorem 1.2 (Second dichotomy |G4] ). Every Banach space contains a quasi-mini- 
mal subspace or a subspace with a basis such that no two disjointly supported block 
subspaces are isomorphic. 

Finally, H. Rosenthal had defined a space to be minimal if it embeds into any of 
its subspaces. A quasi minimal space which does not contain a minimal subspace 
is called strictly quasi minimal, so Gowers again divided the class of quasi minimal 
spaces into the class of strictly quasi minimal spaces and the class of minimal spaces. 

Gowers deduced from these dichotomies a list of four inevitable classes of Banach 
spaces: HI spaces, such as GM; spaces with bases such that no disjointly supported 
subspaces are isomorphic, such as G u ; strictly quasi minimal spaces with an uncon- 
ditional basis, such as Tsirelson's space T |Tsj ; and finally, minimal spaces, such as 
c or £ p , but also T* , Schlumprecht's space S [SchlJ, or its dual S* [MPJ. 

In [FR1] several other dichotomies for Banach spaces were obtained. The first one, 
called the third dichotomy, refines the distinction between the minimality of Rosenthal 
and strict quasi- minimality. Given a Banach space X with a basis (e n ), a space Y is 
tight in X if there is a sequence of successive subsets I < Ii < I 2 < . . . of N, such 
that the support on (e„) of any isomorphic copy of Y intersects all but finitely many 
of the IjS. In other words, for any infinite subset J of N, 

Y %[ei :<gN\|J^]. 

where C means "embeds into". 

The space X itself is tight if all subspaces Y of X are tight in X. 

As observed in |FG] . the tightness of a space Y in X allows the following charac- 
terization: Y is tight in X if and only if 

{u e 2 W : Y C [e n ■ n G u}} 

is a meager subset of the Cantor space 2 W . Here we identify the set ot subsets of u 
with the Cantor space 2 U , equipped with its usual topology. 

After observing that the tightness property is hereditary and incompatible with 
minimality, the authors of |FRlj prove: 

Theorem 1.3 (Third dichotomy |FRlj ). Every Banach space contains a minimal 
subspace or a tight subspace. 

Special types of tightness may be defined according to the way the I n 's may be 
chosen in function of Y . It is observed in |FRlj that the actual known examples of 
tight spaces satisfy one of two stronger forms of tightness, called by range, and with 
constants. Thus e.g. Gowers unconditional space G u is tight by range, and Tsirelson's 
space T is tight with constants, see also [FR2] for other examples. 
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We shall be mainly interested in tightness by range, which we define in the next 
subsection. We refer to the end of the paper for definitions and comments about 
tightness with constants. 

1.2. Ranges and supports. 

The following distinction is essential. If X is a space with a basis (e»)i, then the 
definition of the support supp x of a vector x is well-known: it is the set {i G N : 
Xi 7^ 0}, where x = Y^=Q x i e i- On ^ ne °ther hand the range, ran x, of x is the 
smallest interval of integers containing its support. So of course, having finite range 
and having finite support are the same, but the range is always an interval of integers, 
while the support may be an arbitrary subset of N. 

If Y = [y n , n G N] is a block subspace of X, then the support of Y is U„ g NSupp y n , 
and the range of Y is U„ g Nran y n . 

Let us now recall the criterion of Casazza, which appears in [Glj . Two basic 
sequences (x n )„ e N and (y n ) n6 N are s& id to be equivalent if the map x n H- y n extends 
to an isomorphism of [x n ,n G N] onto [y n ,n G N]. 

Proposition 1.4. jC] Let X be a Banach space with a basis. Assume that for any 
block sequence (x n ) in X, (x^n) is not equivalent to (a^n+i)- Then X is isomorphic 
to no proper subspace. 

The criterion of Casazza leads to studying the possible isomorphisms between dis- 
jointly supported or disjointly ranged subspaces. As proved in |FRlj . this turns out 
to have an essential connection with the notion of tightness. In what follows we shall 
say that two spaces are comparable if one embeds into the other. 

If no two disjointly supported block-subspaces are isomorphic, then equivalently 
no two such subspaces are comparable. This is also equivalent to saying that for 
every block subspace Y, spanned by a block sequence (y n ), the sequence of successive 
subsets I < I\ < . . . of N witnessing the tightness of Y in (e n ) may be defined by 
Ik = supp yk for each k. When this happens it is said that X is tight by support 
[FRlj . So Gowers' second dichotomy may be interpreted as a dichotomy between a 
form of tightness and a form of minimality, and G u is tight by support. 

If now for every block subspace Y = [y n ], the sequence of successive subsets Iq < 
Ii < . . . of N witnessing the tightness of Y in (e n ) may be defined by Ik = ran yk 
for each k, then X is said to be tight by range. This is equivalent to no two block 
subspaces with disjoint ranges being comparable, a property which is formally weaker 
than tightness by support. Note that the criterion of Casazza applies to prove that a 
space which is tight by range cannot be isomorphic to its proper subspaces. 

The distinction between range and support is relevant here. While it is easy to 
check that a basis which is tight by support must be unconditional, it is proved in 
[FR2] that HI spaces may be tight by range; this is the case of an asymptotically 
unconditional and HI Gowers-Maurey's space G, due to Gowers [G2j . 

In [FRlj it was proved that there also exists a dichotomy relative to tightness by 
range. The authors define a space X with a basis (x n ) to be sub sequentially minimal if 
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every subspace of X contains an isomorphic copy of a subsequence of (x n ). Tsirelson's 
space T is the classical example of subsequentially minimal, non-minimal space. 

Theorem 1.5 (Fourth dichotomy [FR1] ). Any Banach space contains a subspace with 
a basis which is either tight by range or subsequentially minimal. 

The second case in Theorem 11.51 may be improved to the following hereditary 
property of a basis (x n ), that is called sequential minimality: (x n ) is quasi minimal 
and every block sequence of [x n ] has a subsequentially minimal block sequence. 

1.3. The list of 6 inevitable classes. The first four dichotomies and the interde- 
pendence of the properties involved can be visualized in the following diagram. 



Unconditional basis * * 1st dichotomy * * Hereditarily indecomposable 

if * ^ 

Tight by support * * 2nd dichotomy * * Quasi minimal 

^ " * 11 

Tight by range * * 4th dichotomy * * Sequentially minimal 

Tight * * 3rd dichotomy * * Minimal 

The easy observation that HI spaces are quasi-minimal is due to Gowers (see subsec- 
tion [13]). On the other hand it was shown in [GM[ Corollary 19] and |GMl Theorem 



21] that an HI space cannot be isomorphic to any proper subspace. This implies that 
an HI space cannot contain a minimal subspace. 

Therefore by the third dichotomy, every HI space must contain a tight subspace, 
but it is unknown whether every HI space with a basis must itself be tight. 

Combining the four dichotomies and the relations between them, the following list 
of 6 classes of Banach spaces contained in any Banach space is obtained in |FRlj : 

Theorem 1.6. [FRl] Any infinite dimensional Banach space contains a subspace of 
one of the types listed in the following chart: 



Type 


Properties 


Examples 


(1) 


HI, tight by range 


G,G* 


(2) 


HI, tight, sequentially minimal 




(3) 


tight by support 


(~i v Y* Y 


(4) 


unconditional basis, tight by range, 






quasi minimal 


9 


(5) 


unconditional basis, tight, 
sequentially minimal 


j 1 Tip) 


(6) 


unconditional basis, minimal 


S, S* , T* , Cq, £ p 



For information about the examples appearing in type (1) and (3)-(6) we refer 
to [FR2J. Two major open problems of [FRlj were whether spaces of type (2) or 
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(4) existed. The only known proofs of sequential minimality used properties which 
implied unconditionality, so presumably the construction of a type (2) space would 
require new methods. 

The main result of this paper is the existence of an example Xgm of type (2), 
similar to Gowers-Maurey's space, which is reported on the chart above. 

1.4. The main result. 

Theorem 1.7. There exists a version QM of Gowers-Maurey's space such that 

(a) QM does not contain an unconditional basic sequence. 

(b) Any block subspace of QM contains a block sequence (y n )n such that (?/2n) is 
equivalent to (?/2n+i)- 

The proof of Theorem will be accomplished in Section 0, Theorem 16.21 The modifi- 
cation leading to QM is essentially technical. Note that by (a) and the first dichotomy, 
QM contains an HI subspace. So this subspace is not isomorphic to its proper sub- 
spaces, although by Theorem 11.71 (b), it does not satisfy Casazza's criterion. Using 
also the third and fourth dichotomy, we deduce that some subspace of QM satisfies: 

Theorem 1.8. There exists a tight, HI, sequentially minimal space Xgm- 

It may be surprising to see that the answer to the existence of type (2) spaces is 
given by a non-essential modification of the first known example of HI space. We 
actually believe that GM itself satisfies Theorem ll.7l (b). and therefore fails to satisfy 
the criterion of Casazza. 

We shall also observe that the space QM is locally minimal, which means that 
all finite dimensional subspaces of QM embed into all its infinite dimensional sub- 
spaces, with uniform constant. Problem 5.2 from |FR2] asked whether a sequentially 
and locally minimal should be minimal or at least contain a minimal subspace. We 
therefore answer this by the negative. 

Theorem 1.9. There exists a locally minimal, sequentially minimal, tight space. 

To conclude this subsection let us mention that our results hold both in the real 
and in the complex setting. 

1.5. Some comments on our construction. 

Let us first recall why HI spaces are quasi-minimal. Let X be an HI space with 
a basis. If e > 0, and two block-subspaces U and V of X are given, one can use 
the HI property to obtain two normalized block-sequences (u n ) n and (v n ) n in U and 
V respectively, so that \\u n — v n \\ < e2~ n for all n G N. So there is a compact 
perturbation of the canonical injection mapping [u n ,n G N] onto [v n ,n G N], which 
are therefore isomorphic. Note that if U and V are disjointly supported, or even 
disjointly ranged, then each u n is disjointly supported from v n . 
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If now we want to obtain a canonical isomorphism between [u n , n G N] and [v n , n G 
N], so that (u n ) and (v n ) are disjointly ranged and seminormalized block sequences, 
then such a crude approach does not work. Let us explain this when (u n ) and (v n ) are 
intertwined, i.e. % < v < U\ < v\ < w 2 < • • • • By using the projection on the range 
of u n , we see that the norm \\u n — v n \\ is bounded below by a constant depending on 
the constant of the basis, and so the map u n i-> u n — v n can never be compact. We 
may however hope to pick u n and v n so that this map is strictly singular. Actually 
in the case when X is, say, complex HI, we must do so. Indeed, we know in this case 
[F2J that there must exist A G C and a strictly singular operator S : [uj : j GN] — » X, 
such that v n — \u n = S(u n ); so by projecting on ran v n we get that S{u n ) is bounded 
below, and that S is strictly singular non compact from [u n , n G N] into X. 

So our result of existence of two intertwined and equivalent block sequences in 
any subspace of QAi will be related to the techniques of the construction of strictly 
singular non-compact operators on subspaces of Schlumprecht's space S and of GM 
type spaces, as appears in [AS] and [Sch2] . We shall replace the condition that 
\\u n — v n \\ < e2~ n by the requirement that the sequence u n — v n generates a spreading 
model which is "largely" dominated by the spreading models of u n , v n and u n + v n . 
From some techniques of [Sch2j . this will imply that the map taking u n to u n — v n 
extends to a bounded (actually strictly singular) map, and the same for the map 
taking v n to u n — v n . Therefore (u n ) and (v n ) will be equivalent. 

Note that our estimates will imply that || Yli=i( u ni ~ VnJW < e l| Yli=i( u ni + v rn)\\ 
whenever k < n\ < ■ ■ ■ < and k is large enough with respect to e. Thus 
we recover the result of saturation of GM with finite block-sequence {y^fti such 

that || 5^i=i( — — e ll Si=i2/»ll' ^ or some k — ^( e ) large enough, but of course 
our result is much stronger, since we can choose [yi) to be any finite subsequence 
(u ni ,v ni , . . . ,u nk ,v nk ) as above. This estimate implies that QM. does not contain a 
subspace with an asymptotically unconditional basis, which means by Gowers' di- 
chotomy that QM. has a subspace which is HI. (and even, by [W], satisfies the HI 
property in a "uniform" way). 

1.6. Some preliminary definitions. 

We use the usual definitions and notation for c o, (ej), E(x), supp(x), ran(x), 
E < F and x < y for E, F C N, and x,y G coo- The closed linear span of a basic 
sequence (x„) ne N is denoted [x n ,n G N]. 

We say that two vectors x and y in coo have the same distribution and write x —dist V 
if there there are natural numbers I , m\ < m<i < . . .mi, and n\ < n-i < . . . ni, and a 
sequence (a» : i — 1, 2 . . . I) C R, so that 



We say x is the distribution of y if x and y have the same distribution and if the 
support of x is an initial interval of N. 

Note that a vector x G c 00 is uniquely defined by its distribution and its support. 



x = 





i=l 



i=i 
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Definition 1.10. Let X be a Banach space with a basis (e^). We call a vector x in 
X an £f n -average, if x — - Y!h=i x *' where (xj)™ =1 is a block sequence (of (ej)) in B X - 
For c G (0, 1] an ^"-average x is called i\ n -average of constant c, if ||x|| > c. 

If moreover (xj)™ =1 is ^-isomorphic to the l\ unit vector basis, we say that x is an 
^-average of constant c. In particular it follows in that case that || Y^7=i ^ zX i\\ — c - 

Remark. For a certain minor technical reason, we are not assuming in Definition 
11.101 that the sequence (xi) is normalized. But of course if x is supposed to be an 
l\ n - or an £™-average, of a constant c close to 1, then the norm of most of the Xi also 
has to be close to 1. 



2. The space S 
We recall the space introduced in |Schlj . We define 

(1) f(x) = log 2 (x + 1), for x > 1. 

The space 5* is the completion of c 00 under the norm || • \\ s which satisfies the 
following implicit equation. 

1 1 

(2) \\x\\ s = max (||a;||oo, max — — ^ ||£^(rr)||g ) for x G c 00 . 

v i&n jyv j=1 ' 

E 1 <E 2 <...E l 

As observed in [Schlj . there is a norm || • ||g on coo, which satisfies Equation ([2]), 
the completion S of (coo, || • ||s) is reflexive, and (e^ : i G N) is a 1-subsymmetric (i.e 
1-spreading and 1-unconditional) basis of S. 

For I = 2, 3 . . . and x G S we define 

1 1 

Then || ■ ||; is an equivalent norm on 5* and for x G 5, 

(3) ~ — H x ll an< ^ 

(4) ||x|| = max (||o;||oo, sup ||x| |/). 

2.1. Upper bounds of || ■ \\$. We will need to show some upper estimates for \\ ■ \\s 
and for basic sequences which have spreading models equivalent to the unit basis in 
S. 

Definition 2.1. For a bounded sequence in R we denote the decreasing rearrange- 
ment of by 
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Assume that g : [1, oo) — > [1, oo) is an increasing function with g(l) = 1. We define 
the following two norms on c 00 . For x = (x^) G c 00 we define 

1 ' x 1 

1 1 x 1 1 a ~~ max — T~7T" x I ■ I and III x III ^ = / — ; — rx^ . 

" " 9 »i<rw<...n,,IeN g(l) j-f 1 9 ^ £ (i) * 

It is clear that || ■ || g < ||| ■ \\ g . The following Lemma describes a situation in which 
we can bound ||| • ||| s p, 1 < p < q by a multiple of || • 

Lemma 2.2. For < p < q there is a constant C(p, q) so that 

Ik I/? < C(p,q)\\x\\f P , for all xEcqq. 

Here f : [0, oo) — > [0, oo) is defined as in ([I]) by f(x) = log 2 (a; + 1), for x > 1. 

Proof. We first observe that 

^ /p(n) - /?(n - 1) 
?1=1 

Indeed, by the Mean Value Theorem, there is for every n G N an r) n G (n, n+1), so that 



/» - /> - 1) = (l g 2 (e)) P ^^ = (log 2 (e)) P p 



ln^- 1 ^,, 



dx 
and thus 

n ( )Y - P ^ f p (n)-f p (n-l) _^l 1 f 1 1_ 

which is finite by the integral test. 
Secondly we claim that for L G N 

Ml = max{|||x|||/8 : ran(x) C [1,L], and \\x\\f P < 1}, 

is achieved for the vector 

L 

X (L) = J2(f p (j) - F{j - l))ej with /(0) = 0, 

3=1 

which would imply that M L < C(p, q). Indeed, and if z = [zi)^ =1 G 



\fp — 1, and 



L # 
I f* = V — ~7 — T = Mi 



we can assume without loss of generality that Z\ > z 2 > . . . zl > 0. Note that actually 
zl > 0. Otherwise let Iq = min{j : z\ = for all i > j}, and note for I > Iq that 

Thus we could increase the value of zi , and thus increase the value of |k|/?, without 
increasing the value of ||-z||/p, which contradicts the maximality of z. 
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x^ L > , which would imply our claim. If this were not 



We want to show now that z 
true we put 

l = min {j G {1, 2, . . . , L} : z 3 ± - f (j - 1)}. 
First we note that z\ Q < f p (j) — f p (j — 1), because otherwise zi > f p (j) — f p (j — 1 



E 



j=l Z J ^ fP(l ) 



Y!L l f p U)-f p U-i) = i, 



and thus /p(/q) ^ J=i .. u , fP(h) 

Note that l ^L otherwise we could increase z L to f p (L) — f p (L — 1), which would 
not increase ||z||/p, but certainly increase [^l/a- If Iq < L we could increase z\ Q by 
min(/ p (/ ) — f p (lo — 1),^ ) > an d decrease 2j +i by the same amount. This would 
not increase the || • ||/«-norm but it would increase the ||| • |||/p-norm of z. □ 

The proof of the next Lemma could be shown using Sell'/, Theorem 1.1] and its 
proof. Nevertheless, since the arguments in this case are much simpler we prefer to 
present a self contained argument. 

Lemma 2.3. Let (x n ) and (y n ) be two basic seminormalized weakly null sequences 
in a Banach space X, having spreading models E and F with bases (x n ) and (y n ), 
respectively. Assume that for some < p < q and some < c, C < oo it follows that 

oo 

and || a n y n 

i=l 

Then there is a subsequence (n^) of N so that the map x nk H- y nk extends to a linear 
bounded operator. 

Remark. Using the arguments in |Sch2j one can actually show that under the as- 
sumption of Lemma [231 there is a subsequence {n k ) of N so that the map x nk y nk 
extends to a linear bounded and strictly singular operator. 

Before proving Lemma 12.31 we will need the following 

Lemma 2.4. Assume < p < q and define for e > 



(5) 



E 

1=1 



(Xn.Xrt 



> c 



oo 



i=l 



f" 



< 



(6) A(p jg) (e) = sup^ 



i=i 



: laA < e, i 



Then 
(7) 



lim A 

e\0 



(P.?) 1 



1,2..., and 



0. 



E 

i=i 



< 1 



Proof. Let r\ > be arbitrary and choose n v G N so that — ^> f° r a ^ n — n v> 

and then choose 

. f q (n) 
8 = 7] mm . 

n<n v n 

For any (aA G Cqq, with |a^| < e, for iGN, and || Ei=i a i e i\\f p < 1 it follows therefore 
that, for some choice of n G N and zi < i<± < . . . i n in N, we have 



f q (n 



< 



s=l 



1 

/«-P(n) 



< 



»7 



if n < n r 



XXi a i e i\\fp <V ^ " > n 



which verifies our claim. 



□ 
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Proof of Lemma \2. 31 We can assume that (y n ) is not equivalent to the cq unit vector 
basis. Otherwise we may replace the norm on [y n : n G N] by 

||X^ ai2/i =||5Z ai?/i + || y^Qi^ if (aj) G Cqq. 
We can therefore assume that for every e > the number 

there are (a,i)\ =1 , \a,i\ > s, i = 1, 2 . . . I, and 



1(e) = max < I 



ni < 7i2 < . . . ni, so that 



< 1 



exists. 

Let r = (p + q)/2. By Lemma [2^1 we can choose a sequence (e n ) C (0, 1) so that 

oo 

(8) ^ A(p, r )(ce n /6) < 1 and ^ne„ < 1. 



neN 



n=l 



Using the Schreier unconditionality of basic sequences [Od] (see also [DOSZJ for a 
more general statement), the fact that (x n ) is the spreading model of (x n ), and our 
assumption (jSJ), we can assume, after passing to simultaneous subsequences of (x n ) 
and (y n ), if necessary, that for all (a^) G Coo and all finite FcN, with n < mini* 1 
and #F < i(e n+1 ) we have 



(9) 



< -|| y^ajXj <^||X] aiXi - ~ll ^ 



i=l 



and by using the fact that (y n ) is the spreading model of (y n ), our assumption (j5]), 
and Lemma 12.21 we can assume that for some constant C3 and for all finite FcN, 



with n < minF and j^F < and all (dj)^ we have 



(10) 



^aiyi < 2 y < 2C - ^3 y a » e ? 



By Elton's near unconditionality [El] (see also |DOSZt Theorem 6]) and the fact 
that l(ei) is finite we can assume, after passing to subsequences, if necessary, that 
there are constants C\ and C2 so that for every (a^) G Coo, with || ^ a i x i|| — 1> ^ 
follows that 



5^ a j% - <d|| a 

j=l,|a 3 |>ei j=l,|oj|>ei 



3 X 3 



<C 2 $> 



<C 2 



Now let (aj) G c o and assume that || Yli=i a i x i\\ = 1- Then, by (TTTTt . 

00 00 00 



OjXj 



3=1 



|aj|<ei 



\aj\>ei 



\a,j |<ej 
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a jyj\\^J2\\ 2 a M 

j=l,\aj\<ei n=l e n+ i<|aj|<e n 



oo 

^E 

n=l 



ne n + 



n<j,e„+i<\a,j\<e n 



< 



l + c *Y,\\ E 



a j e j 



6C 3 

1 + ^E 



n— 1 ra<j,e n +i<|oj|<e n 
00 



(by © and (HO]); 



E 



n—l n<j,e„+i<\aj\<E r , 



C 

Q a j e j 



Now it follows from fl9l) that 



E 



c 

6 J J 



< 1 



n<j,e n +i<\aj\<e n 

and thus (jSJ) and the definition of A Pjr yield that 



j=l>K'|<ei 



< 1 + 



6C 3 



We proved therefore that if II YHOLi a i x i\ — 1 then 



i=i 



< C 2 + 1 + 



6C, 



which finishes the proof of our claim. 



□ 



We finally want to compare the norms ||| • ff and || ■ \\g and first prove the following 
Lemma. 

Lemma 2.5. For every x* = e B$* and n G N, we have that 

1 



(12) 



Sn — 



/(")' 



Proof. By the 1-unconditionality of both norms in S and S* we need to prove ( 1121) 
only for non negative sequences x* = (£j) in coo- Let E 1 = {ji,j2, ■ ■ ■ , jn} C N have n 
elements, so that 

£ji ^ Cia — • • • On = Cf > 

and put 



y 



* = CfE«5 



s=l 
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Since S* is supression 1-unconditional, it follows that \\y*\\ < 1, and since 

f(n) 



s=l 



(see |Schlj ) it follows that 

l>(v*,v)=f(n)t#, 

which proves our claim. □ 
Corollary 2.6. For x G Cqq we have 

( 13 ) \\ x \\s < Nil/- 

2.2. Yardstick vectors. 

The following type of vectors were introduced in [KLj . 

Definition 2.7. (Yardstick Vectors) 

We call a finite or infinite sequence of natural number 7711,7712,7713,... admissi- 
ble, if for any i, for which 77^ exists, m^ is even and is a multiple of the product 

rLc i,2,...i-i (Sje/i m i) ( as USU& 1 Yld — !)• Note that any subsequence of admissible 
sequences is also admissible. 

By induction we define the vector 7/(777.1, 777.2, • • • m k) for each k and each admissible 
finite sequence (mi, m%, . . . , m k ) C N; the support of y{m\,m%, . . .m k ) will be the 

interval [l,X)i=i m »]- 

If k = 1 we put for 777 G N 

/(m) 



7/(mj 



777 

i=l 



Assume that 7/(m 1 ,m 2 , . . . tti^) has been defined for each k' < k and each admissible 
sequence (mi, rri2, ■ ■ ■ , my) C N. 

From our induction hypothesis the support of y(m\, m2, ■ ■ ■ , mk-i) is [1, m\ + 7772 + 
. . . + 777fc_i] and we write y{m\, m 2 , . . . , m k _i) as 

mi+m2+...+m fc _i 
7/(7771,7772,..., 777 fc _i) = d^;. 

i=l 

Now we define 7/ to be the vector, which has the same distribution as y(mx,m 2 , • • • , , m k _i), 
and whose support is 

fe-i 



supp(y) = :i = l,2...,V 

1 m 1 + m 2 + ■ ■ ■ m k _i ^ 



(i.e we spread out the coordinates of y(mi,m 2 ,m k _ 1 ), so that between any two suc- 
cessive non zero coordinates there are — ; — ^ zeros). 

Then we define 



2/(7771, 7772, .. ■ , T77fe) = 7/ H ^ 



777fc 

i£[l,mi+m2++...mfc]\supp($) 
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(i.e. we are replacing the zeros on the interval [l,mi + m 2 + . . . m k \ by the value 
/(^fc)/ m fc))- So, for example, y(mi) and j/(mi,m 2 ) are the following vectors: 



/ \ ff( m i) f( m i) f(™>i)\ 



mi mi mi 



mi times 



/ \ ( f{mi) f{m 2 ) /(ma) /(mi) /(m 2 ) /(m 2 ) \ 

y\ m ll m 2 — l 5 ) • • • 5 5 • • • ) 5 5 • • • 5 I • 

V mi m 2 m 2 mi m 2 m 2 / 
^ .. ' ' 



tniltm times m2/m\ times 



mi times 

If x = (x n ) ng N is a block sequence in c o, and if (mi, . . . m fc ) C N is admissible, 
we define 2/x(mi,m 2 , . . . , m&) to be a linear combination of the x n ' s with the same 
distribution as y(mi, m 2 , . . . , m&) has on the e n 's, i.e. 

t/j(mi,m 2 ,...,mt)= ^ a^j, 

iesupp(3/(mi,m 2 ,...,r7i fe )) 

where the are such that 

y(mi,m 2 , ■ ■ ■ ,m k ) = 2j a * ei - 

j£supp(j/(mi,m2,...,rrtj [; )) 

It follows from the arguments in [KLJ that for k G N and £ > one can find 
mi < m 2 < . . . m fc in N so that ||y(mi, m 2 , . . . mfc)||s < 1 + e. Since y(mi, m 2 , . . . m k ) 
is the sum of disjointly supported vectors z%, z 2 , ■ ■ ■ z k , with Z{ having the same dis- 
tribution as Y^=i e i' for z = 1, 2 . . . fc, (and thus \\zj\\ = 1, by [Schl] ). it follows 
that e^, k G N are uniformly represented in S. Something stronger is true. Using 
similar arguments as in [KL] it is actually possible to prove under appropriate growth 
conditions on (m*) that the sequence (y(mi, m 2 , . . . m k ) : fceN) is uniformly bounded 
in S. For completeness we will present a self contained proof of this fact. First we 
prove the following lemma, which will serve as the induction step for choosing the 
sequence (m,j). 

Lemma 2.8. Assume we are given k,m G N, with k < m, c > 1 and some e G 
(0,/(2) — l)//(2)) satisfying the following conditions: 

(14) m is divisible by k 

'50 f(l )f(l -l) 



(15) f( m ) — C max 

where Iq = min{Z G N : /(/) > 6} 



e 2 ' f(lo)-f(k 



(16) 
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Assume further (j s ) 1 J! =l C N and (x s ) 1 J! =l C S have the property that 



(17) 



e h < xi < e h < x 2 ... e jm _ 1 < x m _i < e jm < x m , and 



(18) 

Then it follows that 



C 

x s \\ < — , for s — 1, 2 . . . m. 
m 



15 



(19) 
(20) 



f(jn) 

e r« + X t 



m 



< C(l + e) and 



im/k 

E 

s=(i-l)(ro/fc)+l 



f(m) 



??? 



<^(l+£) = 

s k 



In particular the vectors 



im/k 



y > s=(i-l)(m/k)+l 



e js + x 8 , for i = 1, 2, ... ,k 



are in B$ and (yi) is C(l + e) -equivalent to the unit vector basis in l\. 
Proof. We note that for any scalars (ai)* =1 , we have 

k m k k im/k 



i=l 



8=1 1=1 



i=l s=(i-l)(m/fc)+l 



It follows easily, assuming ( 120]) and using the 1-unconditionality of the basis, that (yi) 
is C(l + e) -equivalent to the unit vector basis in i\. 
To prove (1T9~]) and (|20|) we put 



E 

8=1 



f(m) 



m 



We will proof by induction for each n e {1, 2, . . . m}, that whenever < s < s\<m, 
with si — s = n, and J C N is an interval with j so < I < j Sl +i (where we let j = 
and j Sm+1 = oo), then 



(21) 



|/(*)ll<^^(l + 9 + -4 
m }(n) V 3/ mi 
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From that we deduce ( |T9l) by letting I = N and n = m. Moreover, if we put / 
[j(i-i)(m/fe)+i, ji(m/fc)+i-l], for i = 1,2... A;, we deduce from (T2T]) and flUD that 



im/k 

E 



/(m) 



s=(j-l)(m/fc)+l 



77? 



< 



11^)11 

/(m) m/fc + £ 

m f(m/k) V 3 
1 /(m) 



m/k „e 

+ —c- 

m 3 



f(m/k) 



c ( 1 + I) + l c ^> +£ ' 



which implies ( 120]) . 

First let n G N, so that /(n) < |, and let J C N be an interval with j so < I < j si +i 
for some choice of Sq, Si G {1, 2 . . . , m}, and si — Sq = n, Z > 2. Then 



81 



i/(*)iii< £ 



f(m) 



rn 



s=so+l 



< 



f{m) 


n 


m 


f(n) 


f(m) 


n 


m 


f(n) 


f(m) 


n 


m 


f(n) 



+IE 

s=s 
71 + 1 



.1 s 



l + C 



m 

n + 1 /(n) 



C 



n f(m) 
12 



e/(m) 



< /(m) n c 
~ m f(n) 



1 + - 



(by (H5J 



which implies our claim for fiGN, for which /(n) < ~. 

Assume that our induction hypothesis is true for all n' < n, n G N, with f(n) > 6/n, 
and all intervals IcN for which there are j so < I < j Sl +i with < Sq < si < m and 
si — s = 71. 

Let / G N, Z > 2, such that ||a;|| = ||a;||/ (since n > 2 it follows that HI^)!^ < 
||/(x)|| 2 , and thus / > 2). 

We choose numbers l\ and l 2 in N U {0}, with / = l x + Z 2 , and intervals < 
e£\ . . . E\l ] and E[ 2) < E?\ . . . , so that 



U^ (1) nU^ (2) = 0andU4 1) uU4 2) = ^ 



t=i 



t=i 



t=i 



t=i 



and so that each of the E/p contains at least one of the j s , sq < s < s± and none of 
the Et intersects with {j so +i, j S0 +2, ■ ■ -j Sl }, and so that 



(22) 



X 
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We note that l\ > 2, otherwise it would follow that l\ = 1 and for all t = 1, 2 . . . li 
either j so < E\ ' < j SQ+1 or j si < E t ' < j Sl+1 , and thus, by (JT8]) 



\Kx) 



\m\\i< 



- + 7 ^ll^ 1) (-)ll<- + 7 ^ll%) 

m f(l) m f(2) 



and thus 



/(0 



m 



which contradicts (IT51) and the restrictions on e. 

We can therefore apply our induction hypothesis and deduce that there are numbers 
so = so < §i < • • • Six = s\ so that for t = 1, 2, . . . l\ 



E?\x)\\ < , , 

m /(s t -s t _i) 



(23) 

Moreover it follows that 



V 3/ m 3' 



(24) 



1 A 



/(0 



^\\E?\x)\\<\\Y,4<C n " 1 



t=i 



S = SQ 



7U 



Case 1. If 6 < f(l), then we deduce that 



7 ^(tK (1) WII + EK (2) ' 



*)ll 



/(m) s 4 - s t _i 



e\ s t — s t _i e 

/i 1 + - ) + — — ~ 

f(l) j^l m f(st-s t -i)\ 3/ m 3 



/(m) n 



m f{n/l%) V 3/ m 3 



m /(Z) 
(By the concavity of the map £ i— >• £//(£)) 



c 



n 



m /(f)/(n/f, 



l + i)+£7i 
3/ m 

m / (n) \ 3/ m \ 3 



, 1 : 
1 + - + 



n 3/(/) 



where the last inequality follows from the fact that f(a/b)f(b) > f(a) for a, b > 2 
(see |Schlj ) and (|T5|) . This finishes the proof of our induction step in this case. 
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Case 2. If /(/) < 6 we claim that 1% = 0. Indeed, otherwise I = h + h > 3 (we already 
observed that li > 2) and 



\Kx) 



> 



Eii^ii+Eii^^ii 

t=l t=2 



> 



> 



fil) 
1 

W) 



Eii^ii+Eii^ 



(2), 



X 



t=l 
h 



t=2 



f{m) 



/(i-i) /(0 



??? 



Eii^ (1) ii+E 11^^)11 



. t=i 



t=2 



E[ 2 \x)\\ (by (USD) 



which contradicts the assumption that ||/(x)|| = So it follows that / = l\ and 

from (T23]) and the concavity of the map £ i— )■ /(£)/£> £ > 1 it follows therefore that 



< 



1 >p r /M gt-st-i r A, £ 



m 3- 



/(m) 



n 



m /(/)/(«/() 



V 3/ m 3 m /(n) 



C[l + -) +-C-, 
m 3 



which finishes the proof of the inductions step the the proof of our lemma. 



□ 



Lemma 2.9. Assume that (e$) C (0, (/(2) — l)//(2)) zs summable, and put C{ = 
U^+ej), for* €fin{0}. 

Assume that the sequence (rrii : i G N U {0}) C N is an admissible sequence and 
satisfies the following growth conditions. For all i gN we assume that 



(25) /(m^Qmax 
where l = min{Z G N : f(l) > 6}, and 



50 f(l )f(l - 1) 
e?'/(io)-/(io -!)>/' 



26 M ,; < 1 + -i. 

t{mi/mi-i) 6 

T/ien it follows for all i < j in N £/ia£ 

(27) m m , . . . mj) || < and 

(28) —y(mi,mi + i,...mj) is an i™ 1 ' 1 -average of constant 1/C, 



Remark. For the sequence (rrij) as chosen in Lemma [2.91 we deduce therefore that, 

r°°. ( 

1.1=10 



if G N and e > and if i G N is chosen so that k < m io and YYhLi (1 + £ «) — 1 + £ ' 
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then for all sequences io < %\ < i\ < ■ ■ ■ < ii, I _ N, it follows that 

(29) \\y(m il ,m i2 ,...,m il )\\ s < 1 + e and 

1 1 

(30) yi'm'h, m i 2 i ■ ■ ■ > m ii) is an ^i l ° -average of constant 



Proof of Lemma UTU Let the sequence (m^ : j GN U {0}) be chosen as required. Let 
j G N. By induction on i — 0, 1, 2 . . . , j — 1 we will show that 

(31) H^mj-i, mj-i+x, mj)\\ < Cj- U and 

(32) — — y(mj^i,mj_ i+ i, . . .rrij) is an i" 1 ^- 1 - 1 -average of constant 1/Cj_j. 
More precisely, we can write ?/ = y(rrij_i, m 2 , . . . rrij) as 



2/ = — V" y s where yi < y 2 < ■ ■ ■ Vm,^ are in 5^, 
equally distributed and Q-j-equivalent to the basis of t x 



'■j — i — l 



For i = it follows that y(rrij) = Y^s=i e s e ^Si an d the conditions of Lemma 
12.81 are satisfied with m = rrij, e = Sj, and C — 1 < Cj +1 , A; = m 3 -_i, and x s = 0, for 
s = 0, 1, . . . mj. Since Cj = (1 + £j)Cj +1 , this implies our claim for i = 0. 

Assuming f l3~Tj) and (I3"2"j) are true for i — 1 with 1 < z < j — 1. Using the recursive 
definition of y(rrij_i, rrij_i + i, . . . rrij) one can write it as 

mj - 1 ft \ 

so that the „ s , s < equally distributed vectors, and J2s=i ' x « nas the 

same distribution as y(rrij_ i+ i, . . .rrij). It follows therefore from the induction hy- 
pothesis (1321) (for z — 1) that \\x s \\ < Cj-i + i/rrij-i, for s = 1, 2 . . .m 3 -_i. Thus 
Lemma 12.81 is satisfied with m = m,,-_j, & = m^—i-i, e = Ej-i and C = Cj_i+i, 
and we deduce that \\y(mj-i, rrij-i + i, . . . ,rrij) < (1 + £j-i)Cj-i + i = Cj-i, which im- 
plies (!3~T]) . Moreover, the second part of the conclusion of Lemma [2781 yields that if we 
write y(rrij_i, rrij_ i+1 , . . . , rrij) as sum of a block of rrij_i_i equally distributed vectors 
yi<y 2 < ■ ••y mj _ M) we deduce that ||£f t || < (1 + = C 7 -_ i /m i _ < _ 1 , 

i = 1,2,..., mj_i_i. Since the unit vector basis in S* is 1-unconditional this im- 
plies that (y t : 1 < t < rrij^^), with y t = m^i^yt/Cj^ for t = 1, 2, . . . , m j - i -. 1 , is 
Cj-j-equivalent to the basis. Thus y(rrij-i, mj_ i+ i, . . . , rrij)/Cj-i, is an 

average up to the constant 1/Cj-i, in the way it is described by (1321) . □ 



3. Construction of a version of Gowers Maurey space 



To define the space QM., which will be a version of the space GM introduced in 
[GM], we need to choose several objects. 
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First, assume that e = (e n ) n >o C (0, 1) satisfies the following standard conditions 
(33) e < £n < T n and ^ i 2 e l < ^e n , for neN. 

i>n 



Secondly, let Q be a countable set of elements of cqo, so that 



i 



(34) { : I e N, * e Q, for i = 1, 2, . . . , z} n [-1, lfcQc c 00 n [-1, 1] 

1=1 

(35) if x G Q and £cNis finite, then £(x) G Q, 

1 J 1 J 

(36) if (xj)| =1 G Q z is a finite block sequence, then — — Xj and x 



are in Q. 



Next we introduce a lacunary set J C N. We write J as an increasing sequence 
J2 3 • • an d require the following four growth conditions 

(37) - < 77^, for all neN, 
i>n Ji J tin) 

(38) is admissible, and satisfies the conditions f l25|) and f )26|) imposed 
on (mj)™j in Lemma [2.91 (relative to the sequence (e n ) as chosen above). 

In order to formulate the last condition on J, we first need to state an observation 
which is an easy consequence of James' blocking argument. 

Lemma 3.1. For all n G N and all e > there is an N = N(n,e) so that the 
following holds: 

Assume that (E, \\ ■ \\e) is a Banach space with a normalized and subsymmetric 
basis (e»), and there is a cG (0, 1] so that for all /cGN 

k , 

Then, for all e > and n G N, there is an m G [n, N(n, e)} which is divisible by n, 
and there are n subsets A\ < A 2 < . . . A n of {1,2, ... , m}, all of cardinality m/n, so 
that (xi : i — 1, 2, . . . , n) is c 1//n (l — e)-equivalent to the £ n -unit vector basis, where 



j€Al 1 for i = 1,2..., n. 



Our fourth condition on J = {ji, j 2 , . . .} can now be stated as follows (the first 
inequality being trivial): 

(39) js<N(j s ,£ s )<-£ s+1 f(j s+1 ). 
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Finally we will need an injective function a from the collection of all finite sequences 
of elements of Q to the set {j 2 ,j4,---} such that if / G N, z\,z\,...z\ G Q and 
N = max ( U* =1 supp(;z*)), then 

(40) e N f(a(zt,...,z*))>N. 

Depending on our choice of e, Q, J and a we can now define recursively subsets 
QM* m in coo H [—1, 1] N , for each m G No, which will serve as a set of normalizing 
functionals of QM.. 

Let 

GM* = {Xe* n :iigN, |A| < 1}. 

Assume that QM* m has been defined for some m G N . Then QM* m+1 is the set of 
all functionals of the form E(z*) where E C N is an interval and z* has one of the 
following three forms flU)) , (S2J) or f l43|) : 



(41) z* = J2< 



i=l 



where Yli=i \ a i\ — 1 an d z t e G-^m for i = 1, . . . , fc. 

where z* G GM* m for i = 1, . . . , I, and z{ < • • • < z*. 

(43) z* = —== V z* and z* = — — V 



where 

a ) z i,i < ■ ■ ■ < z* im < ^2,1 < " " • < 

b) G n Q, for 1 < % < k and 1 < j < n { (and thus z? G Q, for 
i — 1, 2 . . . k), and 

c ) n i = 32k' , for some k' > k, and n i+ \ = cr(zl, . . . , z*), for i = 1, . . . , k — 1. 
Finally, the norm of £?.M is defined by 

\\x\\ gM = sup{z*(x) : z* G U^ =0 £AC}. 

Remark. There are two main technical differences between the original space GM 
defined in [GMJ and the space QAi defined here: 

(1) we allow in (|4"3"1) k to take any value in N, while in |GM] k had to be chosen 
out of the very lacunary set {j2s+i, s G N} and a in |GMj could only take 
values in {j 2s : s G N}. 

(2) in (H3|) we allow that ri\ is of the form n\ = j2k', with k! > k, while in |GM] , 
it is required that k! = k. 
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The point is that it is not enough to use the coding procedure of |GM] to obtain as they 
do, given e > 0, some k and two intertwined finite sequences U\ < V\ < ■ ■ ■ < u k < v k 
such that || Y^i=i( u i ~ v i)\\ — e ll Yli=i( u i +' y i)ll- To deduce estimates about spreading 
models, we need this to be valid for any k large enough and for any initial vector U\ 
far enough along the basis. 

The proof that our construction still does not contain an unconditional basis be- 
comes therefore a bit harder. Nevertheless the main ideas of the proof stay the same. 

Notation. For m G N, and if X is a Banach space with a normalized basis (e$) (we 
will use this notation for S as well as for QM). 

1 1 

A* m {X) = {—-^x* i :x* 1 <xl<...xtm B x » n c 00 }. 



i=i 



Note that A* m (QM) C B gM * and A* m (S) c B s *. 
We define for x G X and m G N 

||x|L = sup \x*(x)\= max — — -> \\Ea 
and observe that 

1 

Mis < ||x|| m < ||x|| s < ||x|| e x. 



f(m) 

For k G N we also define 

x* < x* 2 < . . . x* k in Bg M * fl Q 
-==5^ : x* G A^(S.M) with mi, m 2 , . . . m k G M 
V J\k) i=1 mi — j 2fc , ; /j' > an( j = cr(x*, . . . x*) ii i < k 

and put for x G 



|x|| G . n = sup \X [X) 
x*er* 



4. Some technical observations concerning the space QM 

In this section we prove several properties of the space QM, as defined in the 
previous section. In particular we will conclude that also this version does not contain 
any unconditional basic sequences. In this section we will abbreviate || • \\qm by || ■ ||. 

The following observation follows from James' blocking argument (See Lemma [XT]) . 

Lemma 4.1. The space l\ is finitely block represented in every infinite dimensional 
block subspace of QM . 

The next Lemma is easy to show (c.f. [Schl] or |GM| ) 

Lemma 4.2 (Action of || ■ ||; on if averages). Assume that x G Bg M is an t\ -average 
and £gN. Then 

(44) Ml <_L( 1 + £ 
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Definition 4.3. (Rapidly Increasing Sequences) We call a block sequence (x n ) C 
Bqm rapidly increasing sequence of constant c or c-RIS, with c G (0, 1] if the following 
two conditions ( 145]) and (146]) are satisfied (recall that the sequence e n is given by (133]) ): 



(45) 



For n6N,i„ is an ^"-average of constant c, if c < 1, or of constant 
1/(1 + e n ), if c = 1, and the following two inequalities are satisfied: 



max 



2n f(k n 



f(k n ) k n 



< E 2 n and f{E n \/k n ) > — maxsupp(x n _i), if n > 2, 



(46) 



(x n ) has a spreading model E with a 1-unconditional and seminormalized 

basis (ej) and for Z G N and (ai) l i=1 CK and l<ni <n 2 < . . . n\ in N 
i i i 



l + ei 



E 

i=l 



< 



E 

1=1 



(XiX Ti 



<(i+^) E 



Qjj Cj 



i=l 



We say that a sequence (x n ) is an RIS, if it is an c-RIS for some constant c. If c = 1, 
we say that (x n ) is an asymptotically isometric RIS. 

We note that from Lemma 14.11 it follows immediately that any infinite dimensional 
block subspace Y of QM. contains an asymptotically isometric RIS. 



Remark. Let (x n ) be a c-RIS, and (E, 
for I G N 

I 



(47) 



9(1) 



be the spreading model of (x n ). Define 
/ 



lim 

m<n2<—ni 



E 



i=l 



From the construction of QAi it follows that 

(48) g(l) < f(l)/c for all ZgN, 

in particular the spreading model £7 of (x n ) satisfies the conditions of Lemma [3.11 

It follows therefore that for n G N and e > we can choose an appropriate m G 
[n, N{n, e)\ and m elements from (xj) so that their sum is up to a scalar multiple, 
which is as close to 2^ as we wish, an R average of constant c — e. 

Thus it is justified to introduce the following notion of Special Rapidly Increasing 
Sequences. 

Definition 4.4. (Special Rapidly Increasing Sequences) A block sequence (x n ) in 
Bq M is called a Special Rapidly Increasing Sequence of constant c, with cG (0, 1], or 
c-SRIS, if there is a c-RIS (x n ) C Bgm, so that for each nGN there is p = p{n) G P, 
p > n, m{n) G [jp( n ), N(jp(n),£p{n))} (here N(-,-) is chosen as in Lemma I3TT]) and 
natural numbers m(n) < s(n, 1) < s(n, 2) < . . . s(n, m(n)), so that 



(49) 



Xr, 



g{rh(n)) 



m(n) 



rh(ra) 

^ ^ 5js(n,r); 
r=l 
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yl 



lim 

m<n2<—ni 



and E is the spreading model of (x n ) with semi normalized 1-unconditional basis (e n ) 



(50) x n is an £{ -average of constant c, if c < 1, or 1/(1 + £p{ n ))i if c = 1, 

(51) (x r , 



is an RIS of constant c, with k n = jp^ in condition ( 145]) . 

Remark. From the remark before Definition 14.41 it follows that every block subspace 
contains special rapidly increasing sequences. The point of Definition 14.41 is that we 
may regard the x n at the same time as P\ n -averages for fast increasing k n , but also, 
up to some factor, sums of elements of an RIS. We shall use this to prove that SRIS 
generate spreading models equivalent to the unit vector basis of S. Note that every 
normalized block basis of QM. dominates the unit basis of S. 



Lemma 4.5 (Action of A* t on sums of elements of an RIS). Assume that (x n ) is 
a c-RIS, c £ (0,1]. Let m < m < n 2 < . . .n m be in N and (ai)™ x G M. m . Put 

Em 
i=l a i x rii ■ 

a) If f(l) < 2m/e ni then there are numbers l\ and 1% in N, with h + I2 < 
min(2/,m), intervals I\ < I2 < ■ ■ ■ < Ii ± in {1,2. ..m}, so that I2 = #Io, 
with I = {1, 2 . . .} \ IjjLi h and 



(52) 



\y\U < 



f(i) 



i=\ seij 



E 

s£l 



1 + 2e ns 



b) If f(l) > 2m/e, for some e G [e ni , 1), then 

||y||i < max |aj| [2e + max < max |aj| [2e + 1]. 

i<m i=l,2. ..m 1 i<m 



(53) 



Proof. We put z s = x n& for s = l,2...m. In order to prove (a) we choose finite 
intervals E\ < E2 < ■ ■ ■ Ei of N, so that 



\y\\i 



1 

7(i)^>' 



t=i 



Without loss of generality we can assume that 



[jE t = ran(y) = [minsupp(^i),nia3csupp(^)]. 
t=i 

For t — 1, 2 . . ./ we divide E t in three intervals E[ l \ Ef \ E^ (some of them possibly 
empty) as follows: we let, if it exists, m(t) be the unique number in {1,2, . . . m} so 
that minran(,2 m ( t )) < min^ < maxran(j;( m ( 4 )) and put 

E^ = E t n [l,maxran(2; m (i ) )]. 
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If m(t) does not exists we let E 1 



(i) 



Then we let m'(t) be the unique number 



m'(t), if it exists, so that minran(2; m /( 4 )) < maxE t < max ran (zr m (t)) > an d put 



E^ 3) = [E t fl [minran(z m , (i )), oo)) \ £7, 



(i) 



If m'(t) does not exists we let E 1 



U) 



Finally we let Ef ] \ (E\ l> U Ef 1 ). Let £ be 



(i) 



the non empty elements of {-Et^, -E( 2 \ '■ t < 1} and / the cardinality of S. 

We note that £ consists of pairwise disjoint intervals which can be ordered into 
Ei < E 2 < . . . Ej, and that for any i < m and any j < I, either Ej contains ran(,Zj), 
or is contained in ran(zj), or Ej and ran(zj) are disjoint. 

For s G {1,2,..., m} we deduce from our condition on f(l) and (l4"5j) that 



< 



2m 



< 



2n. 



±<12L 



< — < £r 



We let 

J = {s = 1, 2 . . . , m : #{i : E t C ran(x s )} > 2}, 
Lemma 14.21 yields that for every s E Iq 



t,i?tCran(z s ) 



<l + T^<l+ gw .< M+2eW - 



We reorder the set 8' of all sets E t , t G {1, 2 . . . i}, which contain the range of at least 
one a; na , into E[ < . . . E[ and we define t — 1, . . . l\ 

I t = {s G {1,2... m} : ran(x s ) C E t ), 
and conclude that 1% + li < min(m, 21), where l 2 = #/o, and 



1 



t=l 



1 



< 



1 

7(0 
1 

7(0 



t=l sGlt 



J2\\J2 asZs \\ + Yl 



\Zs\\ £n s 



t=l s£l t 



sei Q 



which implies (a). 

In order to prove our claim (b) let e G [e ni , 1] and define 

i = max [i = 1, 2 . . . k : max(supp(zj_i)) < f(l)s} 

(with max(supp(zo)) := 0). 
Then by ( 14"5{) it follows for i G {iq + 1, io + 2, . . . , m} that 

f(km) > — maxsupp(2; i _i) > -maxsupp(^ ) > f(l) 
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E 

i=l 



ciiZj 



ZQ—l 



< max | a j 



1 1 1 | |z | ^*in 1 1 1 ^io I \l f(i\ ^ j 1^*1 II II' 
J[L) <=io+l 



maxsupp(z; _i 



/(0 



i=«0+l 



(by Lemma [4. 2p 



< max | a j 
which proves part (b). 



£ + Fin i + 



2m i 

7(0 



< max \di\ [2e + ||zj 1|/ 



□ 



Lemma 4.6 (Action of T£ on sums of elements of an RIS). Assume that (x n ) is a 
block-sequence in QM., c G (0, 1], and let z* G r£. Let m < ni < n 2 < . . . n m be in N 
and (oOgLj G IR m . Put y = YT=i a i x n x - 
a) If (x n ) is a c-RIS, then 



(54) \z\y)\ < 



\zt n (y)\ max s < m \a s \ 



1 + 2me ni + ) j 



ten 



seSt 



where to G {1, 2 . . . &;}, T s , C {to + 1, to + 2 . . . A;}, s = 0, 1, 2 . . . m are defined 
as follows: 

t = min{t — l,...k: z*(y) ^ 0}, 

(we assume that t exists, otherwise z*(y) = 0) 

T s = {t = t + l, . . .k : supp(z f *) C [minran(z s ), minran(z s+1 ))}, if s — 1, . . . k 
(with minran(2; m+ i) := oo) 

k 

T = {t + l,...k}\[jT s . 



b) If (x n ) s a c-SRIS, then 

\zt (y)\ t max s < m \a s 



(55) \ z *( y )\<U^ + 



min(m, k) max ||x s ||; t + 2 max |a s |. 

s<m,to<t<k s<m 



Proof. We first assume that (x n ) is only a c-RIS . For m < ni < n 2 < . . . n s in N and 
(a.)£L x C R \ {0} we put 



s=l 
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Secondly let k G N and z* G T* k . We write z* as 



k 

: : z 7W)h Zt k1 

with G At, and Zi = J2A:', for some k! > k, and z* G A*., with U = a{z\,z\, . . . , 
for i = 2, . . . k. We note that for to as defined in the statement it follows that 

max^upp^f)) > min(supp(x ni )). 

We abbreviate 

^ S ^ S*^ XL a 5 

for s = 1, 2 ... m. For t G T let 

S( = {s 6 {1, 2 . . . m} : ran(z t *) n ran(^ s ) + 0}. 

Note that St is an interval in {1,2, ...m} and that each s G {1,2 ... ,m} maybe 
element in at most two of the sets St, tGTo. Using these notations, we can now write 

z*(y) as 

1 1 1 m 

(56) z\y) = -jjf^XM + -jffrs E E *?W + -= E E 



In order to estimate the second term in (1561) we first deduce from ( 1401) and the trivial 
estimate minsupp(,2i) > 2n\, that for tGTo 

maxsuppfo* ) min supp(;zi) 2rii 2m 
/(.'tj ^ ^ > ~ — ^ 

£maxsupp(,2j ) 



and Lemma 14.51 (b) yields therefore that 

(57) z*( > z s ) < max la.1 [2e ni + max \\x n JLl , whenever t £ T . 

\ ^ ) seSt 1 seSt J 

In order to estimate the third term in (I56I) we define 

(58) so = min {s — 1, 2 . . .m : max supp(z s _i) < e ni \/ f(k)\ 

with the usual convention that maxsupp(,2o) = 0. We first note that if Sq > 2 

1 s °~ 1 1 
^ -777TT E E \ z t( z s)\ ^ / _ — maxsupp(z 8o _i) max |a,| <e ni max|a s |. 

Secondly, if T SQ 7^ we let 

min ran(z t *),max [^J ran(z f *) 



teT S0 



and deduce that 



(6°) -TTtttI E z t( Zs °) = l J ( z *)(**o)l < K>l • IKJI < max|a s |. 

V/ (AO 1 " " 



t6T S0 
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Adding up the estimates obtained in (159)) and ( l60i) and inserting them into ( )56l) . we 
obtain 



(61) 



\z\y)\ < 



10)1 . i \- , , r i 

— / H / > max \a s \ max x ns k + 2e n , 



+ max | a s 



t€T s 



< 



\zt (y)\ max s < m \a s 



1 + 2me ni + 2_, 



ten 



max \\x ng \ \i t 
seSt 



t£T a 



which proves (1511) . 

In order to prove part (b) we now assume that (x n ) is an SRIS of constant c, and 
want for s — sq + 1, . . . m, with T s ^ 0, to find an upper estimate for 



teT s 



Thus, we assume that there is an RIS (x n ) C Bgj^ of constant c, and for each nGN 
numbers p(n) G N, > n, rh(n) G N(j pin) , e^ n) \ and m(n) < si(n) < 

s 2 (n) < ... Sfh{n)(n) so that 



g{m(n)) 



m\n) 



rh(n) 

£ 

r=l 



where g : [1, oo) — > [1, oo) is an increasing function with < /(£)/c, £ > 1 and so 

that fc n = jp( n ) (thus x n is an t\ -average of constant c). 

We fix s — Sq + 1, s + 2, . . .m, with T s ^ 0, and apply now our estimate ( 16"Tj) to 



.r 



g(m(n s )) \-^.m(n s ) ~ 



y^m(n 3 ) instead of y and to z* = i — z+\ instead of z*. 

m(n s ) t—ir=\ s r yn a ) a . /(fc) * 

Strictly speaking z* is not in T£, but it is of the form I(z*), where J C N is an interval, 
and it is easy to see that it satisfies the same estimates ( 1611) . From the definition of 
so and by the second condition on k Ua in ( |46l) we deduce that 



Vf( k ) < — supp(^-i) < J f(e na kn{ 2 ), 



and thus 
which yields 



k < e n k^ = e n jl[l s) < e ns m s 1/2 (n s ) 



kg(m(n a )) g{m(n s )) 



m 1 / 2 (rz s 
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Put t s = minT s (which takes the role of to). If we apply ( l61i) to x Us , the sets T and 
T s will be replaced by sets T and T§, s < m(n s ), for which we know (and only will 
need to know) that 

m(n s ) 

#T < k and ^ 



s=l 



Using also the estimate me ni + \\xs r ( na )\\ + 1 < 3, we obtain from (ED), applied to 

z t( x n s \ , fif(m) 3 A; 5(m) fc 



z*(x n J, that 



+ 



+ 



< 



Inserting this estimate back into (IBTj) for we get 

(62) |r(y)|< K(l/)l ' max ^>^ 



1 + 2me ni + 



46T 



j m 

Vf( k ) s= ^ 



max i„ s i, 



< 



< 



zl(y)| , max s<m |a s 



\z* (y)\ i max s < m |a s 



^max||x n J /t + ^ lkn.lk, +2 



s=l,T s ^0 



+ 



min(m, fc) max ||^ s ||« t + 2 max \a s 

s<m,to<t<k s<m 



□ 



which proves our claim (b). 

Lemma 4.7. Assume that (x n ) is an SRIS of constant c, c > and assume z* G Y* . 
As before write z* as 

h 

z* = —== > z* e r* 

with z\ e A* , and l\ = jiw , for some k' > k, and z* E A*., with U = a{z{, z%, ■ ■ ■ , 
for i — 2, . . . k and assume that 

t = mm{t = 1, . . . k : %(y) ^ 0}, 

exists (otherwise z*(y) = 0). Let m and m < n\ < n 2 < . . .n m be in N, (a s ) 1 £L 1 C K 
and assume that the numbers jp( ns ) (as chosen in Definition \4-4\ ) o,re all different from 
the numbers Z to+1 , /i 0+2; ....Ik- 
Then it follows that 

(63) \z* (x ns )\ < e ni , for t = t + 1, to + 2, . . . k and s = 1, 2 . . .m, and 

K(y)\ 

+ 6 

s<m 



(64) 



\z*(y)\ < 



+ 3max|a s |, where y = > 



(XaXr 



8=1 
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Remark. The assumption of Lemma EL~7l are for example satisfied if in Definition 14.41 
the numbers p(n), neN, are chosen to be odd numbers (since the image of a is a 
subset of {j 2 i : «GN}). 

Proof of Lemma \4~^\ We need to estimate \\x ns \\i t for s G {1, 2 . . .} and t = t + l,t + 
2, ... k and then apply fl55|) . Recall that 



g(m(n )) ™^ 

(65) X n = — ; r 2_, %s r (n s ), 

m[n s ) 

where g : [l,oo) — > [l,oo) is an increasing function with g(£) < /(£), £ > 1 and so 
that k ns = jp(n 3 ), [%n) is an RIS of constant c, and rh G \jp(n s ), ^C?p(n 8 ), £ p(n 3 ))}, and 
m(n s ) < si(n s ) < . . . < s^(n a ). 

We note that either i t < fc ns = jp( ns ), then, since £ s is an ^ -average, we deduce 
from Lemma [4. 2[ and (|40l) that 

2 

Or we have that l t > k ns = jp( na )- This implies by ( 1391) that 



( 66 ) Ikn.Hit < T77T ^ TTZnr* 1* v\ ^ 



„/, n 2 , 2m(n s ) 2m(n s 

f(k) > /0*(n.)+l) > ^0p(n s ),^(n s )) > — ^ > 



fc p(n s )+l fc p(n s )+l fc ni 

But then it follows from f )65|) . Lemma [4.51 (b). and ()45|) that 

/ _n , 9(^(^s)) f (thins)) f(k n ) 

m{n s ) m{n s ) k na 

Thus, ( 1551) yields 

\~* f m/ , max s<m |a s | . 

z (x n J < — . H ~ — mm m, + 2 max a s < — . + 3 max o 

which proves our claim. □ 

We now can formulate and prove our Key Lemma. 

Lemma 4.8. For each c G (0, 1] there is a constant C = C c > so that the following 
holds. 

Let (x n ) be a c-SRIS, and assume that the p{n), n G N, as in Definition \4-4 



are 



chosen to be odd numbers. Let m < ri\ < n2 < . . . n m be in N and put y = Y17=i x n s 
Then 

a) c-fr^ < IMI < ifc< \ and (1 - e n A-^ < \\y\\ < C^, i/c=l. 

' J (in) — 11311 — I\. m ) I\ m ) — — J\ m ) 

b) For I G N, I > 2 



c 



|, .il, < J /(Q f(m/nZ(2l,m)) */ /(0 - m / £ ™i, 

iff(l)>m/e ni . 
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Remark. Of course we can (and will later) replace 2C in the second case of (b) in 
Lemma 14.81 by an another constant. Nevertheless the "2C" is needed so that the 
induction argument in the proof will work out. 



Proof. The first inequality in (a) follows from the fact that 



1 m 

f{ m ) f{ m ) 



if c < 1. A similar argument works for c = 1. 

Using the first condition in f[55|) it is easy to see that one can choose m G N so 
that 



( 6 8) f(m) < impm 2rnEm < ^ and /h < 2 _ 

1 + e f{m/A) 

whenever m > m and 2 < / < m/4 



(note that the second inequality is satisfied as long as c > 1/m, by the third condition 
in ([33])). Put C = 4m . 

We will prove the second inequality in (a) and (b) by induction for each m G N. If 
m < m o ( a ) an d (b) are trivial. 

So assume (a) and (b) are true for all m! < m, for some m > m . Let m < ni < 
n 2 < ■ ■ ■ < n m be in N and put 



E 



r, 



For I G N, I > 2, we first estimate \\y\\i- 

If /(0 — m/£ni then Lemma [4.51 (b) implies that \\y\\i < 2 < C. 
If /(0 < m/£ni h follows from the second part of fl68l) and Lemma 14.51 (a) that 
there are natural numbers = Sq < Si < . . . sy = m, with I' = min(2Z, m) so that 



\yh < 



'"n\— 1 



/(() /(O 



Ell E 



s j-i- 



If Z > m/4 then by the third part of ( )68|) 

f(l) + /(/) - /(J) + /(m/4) " /(I) + /(m) " f(mY 
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If I < m/4 we are using the induction hypothesis and the fact that the map [1, oo) 3 
x i — y x/f(x) is concave to obtain 



/(0 /(0 £j 



l i Sj 
mE E Xn * 



s i-i 



/(o /(o /&■ - 



< 



f(l) f(l) f{m/V) 
e Cm 



f(2) l + e /(m) 
< C7- 



(by first condition in f l68]T 



/(m)' 

for the last inequality note that 



so 



< C 



so 



/(2)- l + e /(2) 



C 



/(2) 



< C 



l + so 



in 



f(m) 



This proves that \\y\\i < Cm/ f(m), for every / > 2. Together with Lemma 14.71 
(which estimates \\y\\r* k for k 6 N) this yields that ||y|| < Cm/ f(m). That finishes 
the induction step and the proof of (a). 

Part (b) follows if f(l) > m/e ni directly from Lemma [4.51 (b). If /(/) < m/e ni we 
apply Lemma 1431 (a), the concavity of the map [1, oo) 9i4 x/f(x) and part (a) of 
this lemma, to obtain for some choice of natural numbers = So < Si < . . . si> = m, 
with V = min(2/,m) so that 



\y\\i 



< 



< 



< 



I II \ 

75) X) II E 



c 



I' 

S 3 ~ 



7(0" 

-m— 1 

7(0" 

— 1 

7(0" ' /(0 /(WO " /(0 / WO 



/(0 £r /fo - 



+ 



c 



??? 



< 



2C 



which proves our claim. 



□ 



Remark. Following now the proof in |GMj (from Lemma 7 in |GM] on) one deduces 
that QAi, as defined here has also no unconditional basis sequence. In Section [6] 
(see Theorem 16. ip we will prove that in every block subspace of QM. there are two 
seminormalized block sequence (u n ) and (v n ), which are intertwinned, i.e. u\ < v\ < 
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Ui < v<i < . . ., with the property that for some constants < c, C < oo 
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> C 



I 



s=l 



and 



u, 



8=1 



< c 



I 



f(l) 



for all / G N and all choices of I < n\ < n 2 < . . . ni in N. This certainly implies that 
QM has no unconditional block sequence. 

We do not know whether or not QM is HI, but we suspect it is. The point is that 
to use spreading models and other refinements, we needed to pass to subsequences of 
the Rapidly Increasing Sequences as defined in GM. Therefore we lost the freedom 
to pick the vectors of an RIS-sequence in arbitrary subspaces, as would be needed to 
repeat Gowers-Maurey's proof that GM is HI. 

Nevertheless, Gowers' first dichotomy yields that QM contains at least an infinite 
dimensional block subspace which is HI. 

5. Yardstick Vectors in QM 

We will prove that every block basis in QM. has a further block basis whose spread- 
ing model is equivalent to the unit vector basis of S. Thus, we can define in QAi the 
yardsticks as introduced in Section [2j The following observation follows from Lemmas 
14.51 and |4.8[ and an argument in [AS2J. 

Proposition 5.1. Assume that (x n ) is a c-RIS in QM., for which the following con- 
dition is satisfied: 

(69) There exists a constant C' > 1, so that for all m,k 6 N, m<n 1 <n 2 < ■ ■ ■ n m 
in N, all (<Zi)£Li an d a ^ z * ^ & follows that 

1 



m 
s=l 



< 



— . max 

V7W) 



E 



+ C' max \ a s \. 



s<m 



Then the spreading model of (x n ) is equivalent to the unit vector basis of S . More 
precisely there is a constant C so that for every c-SRIS (x n ) in QM 



(70) 



8=1 



< 



E 



ClcXr, 



< 



GM 



c llE 



8=1 



whenever m < n± < n 2 < ■ ■ . n m are in N and (a s ) 7 J! =l C 1R, where d = c if c < 1 and 
d = 1 - £ ni if c= 1. 

Remark. Note that Lemma |4~T1 and the remark thereafter establishes a case in which 
the assumption (|69|) is satisfied. 

Proof of Proposition \5.1\ Consider the norm ((■)) on cqo given by the implicit equation 



max \\x 



max 

ien,i>3 

E 1 <E 2 <...Ei 



fiim 



x e c 00 



3=1 
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and recall |AS2j. Lemma 3.3] which states that ((•)) is an equivalent norm on S. 
We put 



C" = G 



By induction we will show for each m G N and all choices of (a s ) 1 ^ =1 C M and 
m < ni < n-i < . . . n m in N, that 



(71) c'\\J2 



QjqGc 



< 



m in „ m 

E^L^C £<■*.)(! + -£• 

s=l s=l s=l 



This will, together with the above cited result from [AS2J , prove our claim. The first 
inequality in (J7I|) is clear, and it is also clear that ( 171]) holds for m — 1. So assume 
that (|7ip holds for all m! < m, m > 2, m! < n\ < n 2 < . . . n m > in N, and (a s )^ =1 C M. 
Let m < ri\ < n 2 < . . .n m , (a s )" l =1 C K. and put y = Yl™=i a s x n s - We distinguish 
between two cases: If 



C" max|a s | > max ||y 



s<m 



ieN,i>2 



then we note that for all I G N, I > 2, 



\y\\i < C"m&x\a s \ < C"t^a s e 



8=1 



and, thus, for any k G N, k > 2, and z* G T£, it follows from our assumption ( |69|) 
that 



< — ; max ||w|| + C'max la J < 



C" 



v7(2) 



max | a s | = C" max | a s 

s<m s<m 



If 



C" max\a s \ < max \\y 



s<m 



ien,i>2 



we proceed as follows. 

If I G N, with /(/) > 2m/e ni , then Lemma H~5l (b) implies that 



yWt < 2 max \a s \ < 2( £ a,*) < C"( £ 



i=l 



i=l 
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If I > 2 and /(/) < 2m/e ni , then Lemma [4.51 (a) yields for some choice of = so < 
Si < s 2 < . . . with I' = min(m, 2/), that 

V s t 



(72) 



\y\\i< 



< 



f(i) 

C" 

W) 



t=l S=S t _l+l 

V st 

E« E 



a„e« 



+ 



1 



E 



t<l',S t =l+S t -l 

2 

c 



E 



t=l S = St-l + l s = l 

(By applying the induction hypothesis in cases that s t > 2 + s t -i) 
<C»(±a s e,)(l + *±e, 

8=1 8=1 

Our assumption fl69l) yields for k G N, k > 2 and z* £ TJ, that 



l^fyll < — max IIt/IL + C'max |a»| < 



1 c 



™x\\y\\j = ™*x\\y\\j, 



which together with ( I72|) . finishes the proof of our induction step. 
Lemma 13.11 and Proposition 15.11 imply therefore 



□ 



Corollary 5.2. There is a constant D, so that for every asymptotically isometric 
SRIS x = (x n ) in QAi, for which p(n) is odd for all neN, and every I 6 N and any 
s i < s 2 < ■ ■ ■ s i inN we have 



(73) - < \\y W '(j Sl ,j s 



D 



< — , for all i = 1,2, . . . / 



■jsi) II j s . — \\yx'(js 1 , js 2 j ■ ■ ■ jsi 

where x! is a far enough out starting tail subsequence ofx. 

6. Construction of two equivalent intertwined sequences 

We now want to construct in a given block subspace Y of QAi two seminormalized 
block sequences (u n ) and (v n ), which are equivalent and so that u\ < v± < u-i < 

Let x = (xi) be any asymptotically isometric SRIS in Y, so that p(n) is odd for 
nGN. Using Proposition 15.11 and the remark thereafter, it follows that the spreading 
model of x is equivalent to the unit vector basis of S, and, since Corollary 15.21 applies 
we let D < oo be chosen so that (173|) holds true. 

By induction we choose a block sequence (z n ) of x. The vectors u n and v n will then 
be chosen so that u n < v n and z n = u n + v n . 

For n = 1 we first choose k[, so that f{k' l )/k' 1 < e\ (which means that k[ satisfies 
condition ( I45p for n — 1), and then let 



Zi 



i 1 f ( ■ \ i 2 iiW 

1 / • x 1 /U2gi(l)J -(1) 

L> J2 gi (l) 



D 



where gi(l) G N is chosen large enough so that y(j2 qi (i)) is an f^-average of constant 
1 — Ei, with k\ > k[ (using Lemma f2 . 9 1) . x^ is a tail subsequence of x, which starts 
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far enough out so that ||zi|| < 1 and so that z\ is an ^-average of constant (using 
Proposition 15.11 and Corollary 15 .21) . Finally we choose 

(recall that the elements of J are even). 

Assume now that for some n > 2, we have chosen z\ < z 2 < ■ ■ ■ 2 n -i in Bqm, and 
assume that the following conditions are satisfied: 

- for each i < n, Zi is an ^-average of constant 1/D, so that 

(74) f(ki)/h < el and f{si\fkj) > — max supp(zj_i), if i > 2 

(in other words Z\ < z 2 < . . . z n -\ satisfies the condition (1431) of the first n — 1 
elements of an RIS). 

- secondly Zi is of the form 

(75) Z i =U i +V i = —y^a (j 2qi (l),j2 qi (2), ■ ■ ■32q i (l i )), 

where U, and qi(l) < g«(2) < . . . < qi{U) are in N and x^ is a tail subsequence of 
x, starting far enough out to ensure that (zi)2=i is a block sequence and is in Bqm 
(using Corollary 15. 2p . By Definition 12.71 of the yardstick vectors in Section [2] we can 
write = Y2r=i z (h r ) where the z(i,r), r = 1,2.../,, have pairwise disjoint 

support and so that for each r <l% the vector z(i, r) is of the form 

(76) z(i,r) = — , 2qiin) V x(i,r,s). 

where x(i, r, q), q — 1, 2, . . -j^M are elements of the sequence and we have 

(77) Ml = I^^«2 £ X (,, r , s)and 

^ J2 qi (r) 

(78) „ j = ^ E ^>) E I(i , r , s) . 

- moreover we assume that so far the following condition is satisfied: 

For each sequence I = (i t : t = 1,2 ... ,1) C {1, 2, . . . , n — 1}, with 1 < i\ < i 2 < 
. . .%i < n — 1, and for each p = (p 4 : t = 1,2 ... ,1) E { — 1, 1}' there is a sequence of 
functionals ~z*(l, p) = (z* : t = 1, 2, . . . I) = (zt-Jt) : t = 1, 2 ...,/) in Bqm* so that 
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for all* = 1,2...,/- 1: 

(79) (a) supp(z t *) C US rt) ran(x(i t ,r t ,s)), for some r t e{l, 2 . . .l it }, 

(b) z* t eAl , nQ, 

(c) z*{z{i t ,r t ))p t > sfr,z;(u(it)) = z* t (v(i t )) = \z* t {z{i u r t )), and, 

(d) if £>2, then 2j 2gi (r t ) =o'(/j 1 ^, p 2 ^ • • • > P*-i<-i)- 

In order to choose z n we proceed as follows. We first choose k' n e J so that 
f(k' n )/k' n < e 2 n and f(£ n \/Ki) — "T" rnaxsupp(^ n _i). Assume that g„eN satisfies the 
following properties: 

max supp (;?„,_ i) 



(80) j,„ > fe; and *//(^) > 

For each increasing sequence I = (i t : t = 1, 2 . . . , /) C {1,2, ...n — 1}, and each 
p = {p t : t — 1, 2 . . . , I) C {±1} we can assume that 

(81) 4,p)( 2 )' ■ ■ ■ » > 

for any I — (i t : t — 1, 2 . . . , I) C {1, 2, ... n — 1}, with 1 < i± < i 2 < . . . ii < n — 1, 
and for each p — (p t : t — 1, 2 . . . , I) C {±1}- Note that this can be accomplished 
by only perturbing the last element z%-M), and thus still satifying condition ( 179"]) (c) 
(and all the other conditions of (1791 ). Then we consider the set 

rri-y* MW* ^ . 1 = (h ■ t < I) C {1 n - 1} increasing 

°\*MVh z &ftVh--->*mW) ■ p = (p t : t = 1,2 ... ,1) C {±1} 

and order it into 

(82) J2g„(l) < j2q n (2) < ■ ■ ■ < 32q n {l n )- 

We then choose a tail subsequence x^ of x whose first element starts after z n -\ and 
so that its first Yli?=i3iq n (r) elements are (l+e n )C (C as in Proposition EH]) equivalent 
to the first Y^r=i hqn{2) elements of S, and then put 

1 

(83) Z n = —yx{j2q n (l),j2q n (2), ■ ■ ■ ,32q n {l„))- 

Then z n > z n -\ and ||^ n ||ex < 1 by Proposition 15.11 Lemma [279]. Proposition 15 . 1 1 and 
Corollary 15.21 yield that z n is an l\ n average of constant ^ with k n > k' n . 
As before we can, by the definition of the yardstick vectors, write z n as 

(84) z n = J2 z (n,r), 

r=l 

where the z(n,r) have pairwise disjoint support and z(n,r) is for each r < U of the 
form 

D Jafcfr.) fzf 
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where x(i, n, q), q = 1, 2, . . . j2q n ( r )) are elements of the sequence x^ n \ and we let 
(85) u n = — 2 iAr) x(n,r,s) and 

1 I{j2q n (r)) ^ , v 

^ = ^2^— — — 2^ <n,r,s). 

It is now easy to find for every I = (z 4 : t = 1,2 ... ,1) C {1,2,..., n}, with 1 < 
zi < 12 < ■ ■ ■ ii < n, and for each p = (p t : £ = 1, 2 . . . , I) G { — 1, 1}' a sequence of 
functionals z*(l,p) = (z* : t = 1, 2, . . . /) = (zt^(i) : £ = 1, 2 ...,/) G -BgM* so that 
f!79|) holds. Indeed, if the last element ij < n, then we already have chosen p). So 
let us assume %i = n. Let Z' = (it : t — 1, 2 . . . , I — 1) and p' = (p t : £ = 1, 2 . . . , I — 1). 
If I' and p' are empty we choose r = 1. Otherwise we choose r = r(t, p) G {1,2..., /„} 
so that 

J2g n (r) = a(4 V) (l), 4 V )(2), . . . , 4 V )(/ - 1)) 

(by choice of q n (i), i = l,2...l n , this is possible). Then choose for every s = 
1, 2, . . . , j2q n (r)) a functional x* = x*(n, s,I,~p) G -Bg.M* fl Q, so that 

x* s (x(r,n,s)) = x*,(x(i,n,s')) > 1 - 2e n , for s ^ s' in {1,2.. . j 2gn (r)} 

and supp(x*) C ran(x(r, n, q)). 



Let 



and 



■?2g n (r)) 



It follows therefore that ( 179|) is satisfied, which finishes our recursive definition of z n , 
u n and v n . 

For fi6N and / G J \ {g n (l), ^(2), . . . q n {lri)} we estimate ||^n||/- 
Note that the construction of the z n accomplishes the following: 
If m G N and m < n\ < n 2 < . . . < n m are in N and (a s )^ 1 C K, we can choose 
t = (^-s)^| and p = (sign(a s ))^l 1 , and conclude that 

j m 

z * = v7wS 2 * w(t)er " 

and 

m m 1 1 m 

(86) ||5Z«^nJ| >z*(^a 8 zA > |a a |. 

After passing to a subsequence we can assume that (z n ) has a spreading model 
and that it is a -^-RIS. We define w n = u n — v n . Then (w n ) also satisfies f H5|) of the 
definition of -^-RIS, and passing to a subsequence, we may also assume that (w n ) has 
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a spreading model satisfying ( HoT) and is therefore also a -j^-RIS. We claim that (w n ) 
satisfies the condition (1691) of Proposition 15. II and it follows therefore that (w n ) has a 
spreading model which is equivalent to the unit vector basis in S. 
We first estimate \\z n \\i for n G N and I G J. Let 

r = max{r = 1, 2 . . .l n : j 2? „(r-i) < with j 2<?n (o) := 0. 
Then by the definition of z n and the z(n, r), by condition (138]) on the sequence (jj), and 

by Lemma [2T9| it follows that Y^r = ro z ( n i r ) ls an avera g e f° r some > J2g„(r )-i > ^ 
It follows therefore from Lemma 14.21 that 

In 

(87) ||X>(n,0 

r=r 

If r = 1, 2 ... ro — 1, and thus ]2q n (r) < i, we deduce from (13"9~]) that 

2 

/(0 > f{32q n (r)+l) > J2q n (r) 

£2q n (r)+l 

and thus, by Lemma 14.51 (b) 

2/C72, n (r)) 



< 



/(*)' 



(88) ||*(n,r)||,< 

J2g„(r) 

It follows therefore from (JET]), flEHD and ([37]) that for I G J \ {<?„.(1), g„(2), . . . g„(/„)} 
^2/0 2?n(r) ) _ 2 ^ 1 ,2^1 



(89) Wl<> : + 7777 < 77- r + -rryr < — + -77TT. 

^ J2 9n (r) /(«) /C72 9 „(l)-l) /(«) Jg„ /(«) 

Using the same argument we observe similar inequalities for u n , v n , w n : 

12 12 12 

(90) < h -7777-, |K||z < h -jTjr and \\w n \\i < h tttt- 

In order to verify condition ( 169]) of Proposition 15.11 let m < ni < n-i < . . . n s be in 

N and (a s )f =l Cl\ {0} we put y = J2?=i a s w na . Secondly let k G N and z* G T* k . As 
before we write z* as 

z* = —== g r* 

>/M tr 4 fc ' 

with G A^*, and l x = j 2 k>, for some k' > k, and z* G A*., with ^ = a{z{,zl, . . . 
for i = 2, ... and assume that 



t = min{t = 1, . . . A; : z*(y) ^ 0}, 

exists (otherwise z*(y) = 0). Note that the equalities in condition (1791(c) imply 
that z*(T,p)(t)(wj) = for every j G N, every increasing sequence I = (i t : t = 
1,2 ... ,1) C {1,2,...,}, for each p = [p t : t = 1, 2 . . . , I) G { — 1, 1}', and for every 
i = 1,2.../. So it follows that the sequence (zl, z%, ■ ■ ■ zt) cannot be one of the 
sequences z*(l,p)(t), where I = {i t : t = 1,2 ... ,1) C {1,2,...,}, is increasing and 
p = (pt '. t = 1, 2 . . . , I) G {—1, l} 1 - From the injectivity of a it follows therefore that 
the sets {/ t : t > t Q } and the set {j2q n (r) n <E N,r < l n } are disjoint. 
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We can now apply ( 16Ti) and ( 1901) deduce that 



| Z *(y)|<J-^ + 



i m 

H / > |a s | > z*Aw n , 



Emax t« n » k + 1 + 2me ni 

,teT 



s=s +i teTs 



< kt* (y)l max s < m |a s | 



2 A 1 A fc 



2 + E 77M+E — + E 



where by f )58|) s = min {s = 1, 2 . . .maxsupp(«; s _i) < e ni 

V^/W}- It follows for 

s > s from (JHDJ) that 



and thus, that k/j qng < e ns < e ni which yields, 

Zt (y)\ i r max s < m |a s | 



|2*( y )|<^£ii + 5 



and allows us to conclude from Proposition 15.11 that the spreading model of (w n ) is 
equivalent to the unit vector basis in S. 

Together with (|86|) we therefore proved the following result. 

Theorem 6.1. There is a constant c > 1 so that in every block subspace of QAi we 
can find block sequences u n and v n , with U\ < V\ < u 2 < v 2 < . . ., so that (u n — v n ) 
has a spreading model which is c-equivalent to the unit vector basis of S, and the 
sequences (u n ), (v n ) (u n + v n ) have spreading models which c~ l -dominate the norm 
|| • || ji/2 which was introduced in Section® I.e. if we put x n = u n , v n or u n + v n , for 
n£N, and we denote by (E, || • ||^) the spreading model of (x n ) and its basis by (e^) 
then 

oo j m 

( 91 ) c YVe s > || (a s ) H/i/2 = max V \a Si \ for (a fl ) e c 00 . 

Thus, Corollary 12.61 and Lemma [2.51 yield our final result: 

Theorem 6.2. Let (u n ) and (v n ) be as in Theorem \6.1[ Then there is a subsequence 
(n k ) ofN so that (u nh ) and (v nh ) are equivalent. 

Proof. Using Corollary 12.61 and Lemma [2.31 twice, we may assume that 

Si : [u n '■ nGN] — ¥ [u n — v n : neN], defined by n„ 4 w„ - v n , and 

5*2 : [v n : neN] — ¥ [u n — v n : neN], defined by v n \-¥ u n — v n , for neN 

are bounded. So the bounded map — S% defines u n t-¥ v n , while Id\[ Vn \ + S 2 

defines v n \-¥ u n , proving the claim. □ 
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Remark. It is worth noting that when (u n ) and (v n ) are intertwined and equivalent 
in QM, the sequences (v n ) and (u n+ i) are not, in general, equivalent. Otherwise the 
shift on [u n : n G N] would be an isomorphism and we would obtain an isomorphism 
of a subspace of QM with its hyperplanes. But this is impossible if (u n ) was picked 
inside an HI subspace of QM. 

7. Consequences of the main result 

7.1. Asymptotic unconditionally. 

Recall that a seminormalized basis (e„) is said to be asymptotically unconditional 
if there exists a constant C > 1 such that for any fceN and any successive blocks 
k < X\ < ■ ■ ■ < Xk on the basis, the sequence (xi, . . . is C-unconditional. The 
following is an easy consequence of Theorem 16.11 

Proposition 7.1. The space QM does not contain any asymptotically unconditional 
block sequence. 

We recall that the asymptotically unconditional HI space G of Gowers is tight by 
range [FR2J and therefore contains no intertwined and equivalent block sequences. 

The sequences (u n ) and (v n ) are chosen in an arbitrary, but fixed subspace Y of 
QM, and this is why our techniques do not seem to imply that QM is HI (although we 
suspect it is). This restriction is essentially technical, however, since as we shall now 
see, by using Gowers' Ramsey theorem, it disappears when passing to an appropriate 
subspace of QM. 

7.2. Applications of Gowers' Theorem. 

Recall that Gowers' game Qx in a space X with a basis is a game between two 
players, where Player 1 plays block subspaces Y n of X and Player 2 successive blocks 
y n G Y n , the outcome of the game being the block-sequence (y n )- 

The set b(X) of block-sequences of X is seen as a subset of X^ equipped with 
the product of the norm topology on X. Also for A = (5 n ) n a sequence of positive 
number, and A C b(X), the set Aa is defined as 

A A = {(x n ) G b(X) | 3(y n ) G A, \\y n - x n \ < 5 n \/n}. 

Theorem 7.2 (Gowers' Ramsey Theorem, [G4j ). Let X be a space with a basis, and 
A an analytic subset ofb(X). Let A > 0. Then there exists a block- sub space Y of 
X such that A D b(Y) = 0, or such that Player 2 has a winning strategy in Gowers' 
game Qy to produce an outcome in Aa- 

Given c > 1, consider the set A of block sequences (x n ) n in QM such that {xm ~ 
^2n+i) has a spreading model which is c-equivalent to the unit vector basis of S, 
and the sequences (x 2n ), (x 2 „+i) (x 2n + x 2n +i) have a spreading model which c -1 
dominate the norm || ■ ||/i/2. It is easily checked that A is Borel. So up to modifying 
the constant c to take into account a small enough perturbation A, we may apply 
Gowers' Theorem to find a block-subspace Y of QM, so that the vectors u n and v n of 
Theorem 16. II may be chosen in arbitrary block-subspaces of Y prescribed by Player 1. 
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Proposition 7.3. There exists c > 1 and a block subspace of QM. in which Player 2 
has a winning strategy to produce U\ < V\ < u 2 < v 2 < ■ ■ ., so that {u n — v n ) has a 
spreading model which is c-equivalent to the unit vector basis of S, and the sequences 
(u n ), (v n ) (u n + v n ) have a spreading models which c _1 dominate the norm || • \\n/2. 

Note that || Y^Li^Wf 1 / 2 = mf(m)~ 1 / 2 while || YlT=i e i\\s = rnf^)' 1 - So for any 
e > 0, one can find m G N with following property: for any U, V block subspaces of 
Y, there exist U\ < v± < ■ ■ ■ < u m < v m , with Ui G U,Vi G V for each i, such that 
II YliLi u i ~~ v i\\ < e ll Y^JILi u i + v i\\i which of course implies the HI property. This 
property is actually the uniform version of the HI property which appears as the 
counterpart of asymptotic unconditionality in the dichotomy proved by Wagner [Wj . 

The third dichotomy implies that we may assume that the space of Proposition 
17.31 is tight, and the fourth dichotomy that it is subsequentially minimal. Actually 
slightly more may be observed. 

Theorem 7.4. There exists a tight HI block- sub space Xqm of QAA with a normalized 
basis which is subsequentially minimal. More precisely, there exists c > 1, such 
that for any block- subspace Y of Xqm, there exists a block-sequence (y^) of Y and a 
subsequence (/&) of the basis of Xqm such that 

(a) vi < fi < y 2 < fa < ■ • • 

(b) (yk), {fk), {Vk+fk) have spreading models which c _1 dominate the norm ||-|Li/2, 

(c) (yk — fk) has a spreading model which is c-equivalent to the unit vector basis 
ofS, 

(d) consequently, (fk) is equivalent to (yk)- 

This is a variation on |FRlt Proposition 6.5]. Since the proof is much shorter than 
the demonstration of the fourth dichotomy, we give a sketch of it. 

Proof. Let A C b(QM) be defined as after Theorem 17.21 Using Gowers' first di- 
chotomy (see Theorem 11.1 p . the fact that no HI space has a minimal subspace, and 
the third dichotomy proven in [FR1] (see Theorem II. 3p we may pass to an HI tight 
subspace. By Theorem 16.21 and Gowers' Ramsey Theorem (Theorem I7.2p we can, 
after modifying c, assume that Player 2 has a winning strategy in Gowers' game to 
play inside A; also we may and shall only use blocks with rational coordinates in 
this proof (and assume Gowers' game is played with such blocks). Then the finite 
block-sequences of initial moves prescribed by the winning strategy of Player 2 form 
a non-empty tree T which does not have any maximal elements. We denote by [T] 
the infinite block sequences (xj) for which all the initial segments (xj)" =1 , n G N, lie 
in T. Then [T] C A and for all (y , . . . , y m ) G T and all block sequences (z n ), there 
is a block y m+ i of (z n ) such that (y , . . . , y m , y m +x) £ T, |FR1[ Lemma 6.4]. Since 
T is countable, we can construct inductively a block sequence (v n ) such that for all 
(uq, • • • , u m ) G T there is some v n with (u , . . . , u m , v n ) G T. 

We claim that Xqm '■= [v n ,n € N] works. Indeed if (z n ) is any block sequence of 
(v n ), we may construct inductively a block-sequence (yi) of (z n ) and a subsequence (fi) 
of (v n ) such that (y , fa, ■ ■ ■ , y n , fa) belongs to T for all n. Therefore (y , fa, y x , fa,---) 
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belongs to A. Finally the normalized basis (un/H^nll) °f Xgm satisfies the conclusion 
of Theorem 17.41 □ 

Since this construction can be done in any block-subspace of QM, we may assume 
that Xqm is actually sequentially minimal. 

7.3. Local minimality. 

We briefly expose the fifth dichotomy obtained in |FR1] . which is related to the 
second general kind of tightness called tightness with constants. A space X = [e n ] 
is tight with constants when for for every infinite dimensional space Y, the sequence 
of successive subsets Iq < h < ■ ■ ■ of N witnessing the tightness of Y in X may be 
chosen so that Y [e n \ n eN\ Ik] for each K . Equivalent no infinite dimensional 
space embeds uniformly into the tail subspaces of X [FR1, Proposition 4.1]. This is 
the case for Tsirelson's space T or its p-convexified version T^ p \ 

On the other hand we already mentioned that a space X is said to be locally 
minimal if there exists a constant K > 1 such that every finite dimensional subspace 
of X K-embeds into every infinite dimensional subspace of X. 

Theorem 7.5 (Fifth dichotomy [FR1]). Any Banach space contains a subspace with 
a basis which is either tight with constants or locally minimal. 

Since S contains ££,'s uniformly and since QM is saturated with sequences with 
spreading model c-equivalent to the basis of S, QM also contains f^'s uniformly in 
every subspace. So by the universal properties of these spaces, QM is locally minimal. 

Theorem 7.6. There exists a locally and sequentially minimal HI Banach space. 

Since an HI space does not contain a minimal subspace, this answers |FR2} Problem 
5.2], that is, the space QM demonstrates that there are other forms of tightness than 
tightness by range or with constants. 

The fifth dichotomy and a dichotomy due to A. Tcaciuc |Tc] are used in |FR1] to 
refine the types (l)-(6) into subclasses. In their terminology, Xgm is of type (2b). 

7.4. Open problems. 

The most important problem which remains open in Gowers' classification program 
is whether there exist spaces of type (4). Note that such a space would satisfy the 
criterion of Casazza, and therefore would not be isomorphic to its proper subspaces. 

Problem 7.7. Find a space with an unconditional basis, tight by range and quasi- 
minimal. 

The nature of the tightness of X GM remains to be understood. This property is a 
consequence of the non-minimality of HI spaces and of the third dichotomy, with no 
information on how the sequence (I n ) of subsets of N depends on the subspace Y. 

Problem 7.8. Find information on the sequences (/„) in the definition of the tight- 
ness of X G m- Is QM or GM itself tight? 
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C. Rosendal [R] defined notions of a-minimality and a-tightness, where a < u>\ is 
an ordinal. Local minimality implies that Xgm is w 2 -minimal and not cu-tight. On 
the other hand, being tight, it must be a-tight for some a < u>i, |R, Theorem 3]. 

Problem 7.9. Find min{a e uj\ | Xqm is a— tight}. 

It is unknown whether an HI space may be tight with constants. With the exception 
of the uniformly convex HI space of [FlJ, examples of the Gowers-Maurey family 
usually contain ^'s uniformly - and therefore are locally minimal. 

Problem 7.10. Find an HI space which is tight with constants. 
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